2%/10/2?2
30 3‘}90(3{:0}3@8 & @dge—gr‘aphy

341 Characterizing 3-polytopes

Det: gGiven @ polytrope Pc (E(:Jt
e edge-gwapn Gp=(VF)
hae vertex set V= Fo(P)
avol Vwe |/ adjocent
€ conv fow$ € F, (P)

edge-gcapn of 3-cube i
— {hie grepwn (Ooks Clmos olges of P
Ivlce we covl@ read? the
pol(dtope o i+ ... Can we_?

MAIV QUEST(OMS

® Jgivev @ gfopn (s 1+ the edge- grepn o+
Q (3‘)polﬂ¥—0pe?

° givew cw edge-Gfeph can | reconsrtuct Hu€
Loce (cHrce Crevn rf 7

—> “Tnes questiovy ore estenhally oviswereal for 3—pdylopes

T (Sleinitz )
G Is dve edge-grapn of o 3-polytope
q (s 3-Conviecteol + Plovior . —

) con be lrawn n the
Non - plovror plane wifthoot inter -

Sech’ eXeeS
SEy E N



v

Del: c grapn on ct leass ktd vertces s k-connecteal

I'€ eleletem of arv'j k-4 verpeer gr@(ds & connecilead

gvapn
Ex: o 4~ Connecteadd = comnecteaf
Cu+t

R verrer
D<]>

A- connectect bu+ ek
2- cevinecleo!

2-connecteal but rnot
3—Cemnecreof

Proot : (of Srermnrle)
= sort from o 3-polytope PcC B> Then Gp is

e 3-(Connecrecd : Lee Sechon 3.2.

® Plavar : lign+

S
| /}/L, \ oR mﬁc.{é
jgz=<\

P{o ecbem
P)Ce\oe

fCYY\oV‘Qa

Small dse O ~

&=’ we we a SHructure Yheorem
fos 3—connecteal plavier gGrephy
(see Ricgler Section Q.B)



Thm . Bvery 3-comnecleal plavor Srepn can be
Froneformed mro Ky wsing rectuceet LY -—

cnd YA"'I‘(GV).S‘{C‘/TWTJ’\
ccwnplet+e 3rcpy)
on G erhcer

AY r*eduoham vevrtices of€
dzegcee 2 got
rewoved
mu lh-edge
Peducdwo/h / %m— rewmovea(

ldee -

o evevy 3-covmeclea planer grapn can be obtarneal

(

feom Ky usivg “inveciedd redluceol AY- anal YA - tralos .
© Ky is av edge-grpn of a 3-pelytope :

4~ A

tetrreneal ron Kqy
® cun we perfotwm the "invevted reclucedt Hefos © on
the polyleper as wet 7 Yes (see Gelows)

® BUT: am "invedeoe vequced *afe ! cov have wioxve fhau
one resuls !






lnverse ot YA

7N N
A AAA

—> remove a facet-definiyg hel€space
£com H-represeniahon

T I
My
— L
AN g 7
/ \ / \
_ v* K}
OC;ihan{rm P= [1(HN THTD

= every 3—conmecteal plevoy groph
® the eclge-ZGropn of & 3-polylope -' L



EXL@L)&NG/Y)Q: Hhere a(wcyﬂ exrHNL Sdpolcd}ope

® wrlh call verhces anal Wexwmal veefors beervng raliovie|
© bé’[wg ma)(t'ﬂnollg .Sgwwvme—lrm
= as sHVnme#rl’c és fhe ealje-gfq;ph
© ovne {oce oF whicu can be aver—rav:lj preecrbeat
& hichh has Cn edge In—-Spnew

= a Spreie ihet tovcker oach edlge

There is e quick way do tell the facer {rovn due edge—-gGroph
T - (Tute )

A cyele C<S (Gp corresponas o o face of P -

C is voun-geporating andl inducect.




3.2 Edge-graphe o0f higher-climenesevnal
polyyopes

¢ Tne edge-greph has worked §o well as a boel to

Uwn oleve) ay) ot 3-,90(31—0,993 .

° Does it wovk as well {or higher-olimensional polytepes 7

— as {oc as we kney NO :(
—» eage - graph geems to lel ItHe rn olivm 2 &

—> Iikle S tnown abok he Ssuctue o Qolge-grgphy

m odrvmm 2 &

° (e discuse Some ot the few Jhings luct are Eneww

Tom - (Balingk:)
The edge-geapn of G ol-polyrope 18 d-conmecteat
Proo € :
o (ix o- Polj)—ape Pc rEd onol d-1 verkces
Xq, . Xot—1 €FoCP)
—> Wwe vneecl to thow : Q’P - %x,,,.._,xdq_}
s cornmectea!
o {iyx avbn'Jravg olhor veviex Xxgq€ Fol(P)
Ihere exicds a unigue hgp@rplame H +#hrough %, -, Kol
Widh novwmal vector ce R

o Cef f [vesp.f) be ke 40,9 (reSfp, be-H-om) fcce of
P wret the elrrection C



o Suppoce -6, ¢ ¢ H

° we show (¥):
every verlex apouwe (of in )
H has o peih 4o (”\

o hikewire below H

A UV
o al$o : (‘lf Wove (onneclecl

Colge -geapne  (by incluciien )

{
— cann@ch‘v.‘ly of
° 4 rewmaine Yo GF- {x,,‘...,xd_,ﬁ folacws
show (%) Ex i whet if {cH ’

° W.l.06. W ¢how that €very wveriex Y€ FolP)
above (0\‘ l'n) H her awn Edge '{aan'ng UPquvdS ¢
o Wwe wure Vverlkey conec :
Grven o verlex YyeFolP), et Yar 1 Ye eFo (P)
be e neighbore in Gp. Let V; i= Yi-y be the

clirechemy OF edges emonaiiug Growm 3’

Tnen P c 3-(— cone {v,l,...,'v‘-} .Eﬁ" prove thig

cone {'v,,...,v‘.} '-={ =40, [ oA 2 O}

(e gtponneal bd e 7,




N ] (g
© i{ no eage {towm y s poyntivg “ypwarele ..

then Lhe come ed-g conteiing

ne Po)'nl.s "above H“'

Since P e rn ihe cone, Y

musk alrecoly be af +ue top. ||

(all of Lthie ic Pwe(-l-g CHaight (ovwerel £ you

know cbour e ermplex algeccHiwm )

Consequevices

© pdge-gsapns arve Conmectea!

® mMinimum alegeee ot edge —graph oF d—p@lg, e =dal
# edger incidtent to vertex

— polysoper wvin the Minrvual degree Cvevywhnere
heve tpecival &ignrlicewice

Det: B ol-polytope (s Simple if {he edge-graph
it el-regulor = Query veriex clegree i ol

E_Q. c-cube cnd -8 mplex are Simple
el - crosepalytope only €or ol =2

Ex: {eear ot eimple polytoper are fHmple .



° Tnere @xieie a cluel nehen o Sirmplicity
Def: A polytope ie Sivnplicral ¢ every €ocet
s @ Smplex Ex: every face ir ¢ pimplex

€g. ol crosepolylope avot el-wymplex ore Limplicial
- £

- cube only for =2 \ ol ope

u)ch (s baHA

. . Hrwmple ev ol
Ex polor dualr Of Limple J’Jm);): eral 18
PO(&)—OPQI‘ are Jy‘mpl:'e rel Stmplex

and V\Ce verso .

@ Simple / Sympliccal pohd)-opé‘r' are ‘mpoftaent
beceavee they are genentc

= Chooge scowme oo pornie in on'(,-
eiv corwvax hull i Symplicral with Pmbob.‘/r/-\y 1
[ becaype Frob. inet more {hiem cl pointe lie v
o {ocet alefimivg hyperplone = O )
— chooge fewme rondom haleSpecos of /Eo{,-
Heir intecsechem (if boonateat ) re Limple wW.p. 4
(b@cauJ‘e prob. ed rmore tvan of L{yp&vp)mqpp

intereect at+ & common point- =0 J

we wrll gee -
© eage- gvaph comtal o o+ information €or

Simple polylopes, but almoen nove tor &'mplicral



3.3 Neighbody ana cyclic polyroper

® SimphceS heve & vewy (peeciel edge-grapn :
ovy two verhcer ave adljaccas —= Ky

COmplele gvaopn
Q? Can there (e Oneor polytroper cn N verhees

(Wwin complefe edge-gfc;}:h ?

= NO in dimenssem 3 Ex: chow wusug V-ErF =2
— Surprigingly YEC in dimenmen 2 &
in €ect , @ "ramdorm cevb\nafone | #gpe Y

has complete eolge- grapn wrth probabrldy — 4.

Del: A polyiope ir k-neignborly if ang =k verbeer
{orm @ €ece .
e /- me|'3h bor(ﬂ meewvs no Hfu'mg [everﬁ vevkex e Q\Coce)
o ¢- nevghborly = @clge- gyopn i Cemplete
= o%‘{-enjcc@} “nelghborlj”
o We otiscues Iue mock {avmouvr clagr ot neignborly

polg}op@r

Del- e lne wmiowient curve (S fhe curre x:[R—> ﬂ?d with
X(+) = (€t ..., %)
o for t,<t,<.--< 4, , the cgclfc petytope of
dimenivom ol wHh n verkcor (NS d+d) e

Cyln) = conv Fx) | teml §



—> We shell vee: combineloral #3pe e inclepemadent
of the choice of the <t

()

e - Cyclic polylopes are <fmplicial .

Prooc - DY

=~

S

— J
[

1 1 . &
.. = Sz tt \paz dfi
olet (K(So) X(52) ) clet :,° :
S’o"‘ s /
Vonatermomole
oxevay ‘/\/
Cx : Hy o prow Hais (SC'SJ)

boih Ve care poly- el <

nomiale +uet PeY 0=r<)=d

von'en € S; =S

{or gom i< + 0 f all ¢ cre oliehnet

> vno ol+4 clredrnet poraker on lue mowmentd Curve

are ovn the gawme Mdpg\rplcvne

= a faced can contgra ot vmosr d poinis I
(ct-1) — Sywplex



Tom = (Gales evevnese crsiterion )
—> om algosithm o {incl ot which fubsets
Lcn] wilh 181=0o {orwm a faces ot Co (n).

1) wete § as a characteirshe vectoc

Xs=(40014 1004444)

=(e oo ® ©ocec)

Z) F:i= comv {x(’c,-)l fGS’j2 iv a facst of Cyla)
I6¢ qll inner blocke of £ cre of even Jrze.

Proot: S= Jig, .., iqf
o Cet Hp be dhe unigue hyperplave Hrough
the x(t;) /ec.
e We can write

He = 7xeR™| Foo=0 f
4

. - (1T 1
it Fy (%) = (x x(&; ) - X(tiy) )

X () o IC e alweys hid

I {g’} Hp 'n ev1 even number
(q/q ot comfecutive verhier,

no Hwo verthcer can be
on i ftorent ¢voter of He.



—7 knowing cll £acete i+ e not harat o
cerve @l other facer

Tom : Cqln) is | %] - neighborly.
Proo€ rdeo :
° Chooce owy subset SC (n] of ene %2l
° chow ot One can clwaysr ewbed & In ¢ (avger

eed 8 ot svze o with no oclel imner blecks .

— ST e 6 €acet / hevice & &£implex

—> C 0 & €ace ot 4his S'mplex | henee a face o€ Cy).

ermaorks :

o {he & as negnborly as @ polytope cawn become

withovt beivg a ewmple « :

P s >l_°(/2J “newghbovly —> P = &'wiplex

(proot : next week )
° Cyln) canvot be drehinguiened €rom a e'mplex
by s [% | - skeletor

o it cl=3 4nen [%z1=1

—> - peighbexly meaws no+niug



3.4 Beconsiiuckion {from edge -grapns
anel Lkeleta

o We have seen that o general polytope (i.e. ris
combinat ool +3Pe) ceannot be reconsiructeol
Crom kne odge- graph or eww tue [%2l-Skeletom

® nNot euen e dimenerory can be recowercuctear !l

Co (F)  anat b-esmplex howe sawme greph

OTHER RESULTS :
— reconsriuchon s alweyy poseidle
€com  (al-1)- or (el-2)—gkeleton .

— veComeriuCiiom vot poserible frova (d-3) - pleletow .

T o (Bhind @ Mawy ; prooé by kalar )

€ PQc P ave Simple wtn the sene
Cctge- g¥oph | tem PR cre CC/vwb{nai-cmbllj Qc_lf_w‘v.

Psoo€ rdeg -

we {ind & combinalona] criierion {or when a Jubde+
of verheor {orwmr a €oce



° msidey acyclic ofieniahonn of the edge—grapy -

° (oc onentabon O get
h? = Fverhcer With oVt —egeee «

© own acyelic onentation ¢ gooo? it + minimi?es
O+ 2h0 ¢ &h? € -+ 2%Nn2.

® o connecteal reguldr subgreph HEGpE Delongr
o a fcce € 1t i fermmal .t revre QO(DGP

osyentat)omn Ir[

Reumspis :

® recongyruciion alse posesbie wth Up Jo
2 non—J38'mple yerhce!
o but ot with 3 Non-&'vple Vethcer
o Kalail pioot computationally
nefficient but better Qlgocithme exiss.
e Knowwn ftechnigues Cannot be usedl to tell

Whetnev & regular grapn belongs 10 & Cymple

po(3+ope

OPEN = Cen this Guegtion be clecioteal efficiontly 2
|



